We describe a procedure for finding Kaluza-Klein monopole solutions in deconstructed four and five dimensional supersymmetric gauge theories. In the deconstruction of a four dimensional theory, the KK monopoles are finite-action solutions of the Euclidean equations of motion of the finite lattice spacing theory. The "lattice" KK monopoles can be viewed as constituents of continuum-limit four dimensional instantons. In the five dimensional case, the KK monopoles are static finite-energy stringlike configurations, wrapped and twisted around the compact direction, and can similarly be interpreted as constituents of five dimensional finite-energy gauge solitons. We discuss the quantum numbers and zero modes of the towers of deconstructed KK monopoles and their significance for understanding anomalies and nonperturbative effects in deconstruction.
Introduction and summary
Deconstruction was proposed as an ultraviolet regulator, or ultraviolet completion, of 5d and 6d gauge theories [1] , [2] . The perturbative dynamics of the 4d "quiver," or "moose," product-group theory (for early work on such theories, see [3] , [4] ) reproduces, in an appropriate low-energy limit, the perturbative dynamics of the higher-dimensional theory. In the supersymmetric case, where exact nonperturbative results are available [5] , the nonperturbative effects in the compactified 5d theory are also captured by deconstruction [6] . In the non-supersymmetric case, the use of deconstruction as a regulator is indispensable in the study of the small-instanton amplitude in compactified 5d theories [7] .
The quiver theories of deconstruction appear naturally in string theory as the infrared-limit field theories on the worldvolume of D-branes at orbifold singularities [8] . As was shown in [10] (with a different motivation-the extra-dimensional nature of the Higgs-branch theory was not appreciated at the time), an orbifold of the Hanany-Witten brane configuration [9] gives rise to deconstruction of the simplest 5d supersymmetric theory [1] , [11] .
The relation of deconstruction to branes on orbifolds has led to some interesting proposals. One is to use deconstruction to define the ill-understood 6d (0, 2), or (0, 1), theories or their compactifications [12] , [13] , see also [6] , [14] , [15] , [16] . Another proposal is to use the deconstruction of 2d, 3d, or 4d theories in terms of quiver quantum mechanics or quiver matrix models to give a lattice formulation of supersymmetric theories [17] , [18] . The "dynamical lattice" preserves part of the continuum limit supersymmetry. In some cases, this helps alleviate the fine-tuning required to reach the supersymmetric critical point. For recent discussions relevant for the practical feasibility of this proposal see [19] , [20] .
Whether we use deconstruction to give a lattice formulation of supersymmetric theories in four or fewer dimensions, or as a definition of higher-dimensional theories, it is important to have an understanding of the symmetries and their anomalies. In the 5d and 6d cases, there are some interesting questions: for example, the 6d (0, 2) theories have an SP (4) global symmetry with 't Hooft anomaly, predicted by anomaly inflow to scale as N 3 with the rank of the theory [21] , [22] , see also [23] . A microscopic understanding of this scaling is presently lacking; one expects that a nonperturbative definition of the theory should be useful in explaining it. The 5d theories, whose deconstruction was studied in refs. [6] , [15] , are also known to have enhanced global symmetries, predicted by string dualities [24] , [25] , and a (workable) definition of the theory should exhibit them.
In the deconstruction of better-understood theories, where a weak-coupling continuum limit exists, the realization of the symmetries is significantly clearer. In accordance with general theorems [26] , [27] , at finite lattice spacing the deconstructed theory violates the global chiral symmetries. The symmetries are restored in the continuum limit. Their anomalies are wellunderstood in lattice perturbation theory [28] . The relation of deconstruction to branes on orbifolds provides a geometric understanding of the chiral symmetry breaking at finite lattice spacing and of its continuum-limit anomaly via string perturbation theory (or, with enough supersymmetry, classical supergravity) [29] .
In this paper, we continue the study of anomalies in the 3d → 4d deconstructed theories of ref. [29] , where we discussed the chiral U(1) R anomaly in both lattice and string perturbation theory (and supergravity). In the continuum theory, anomalies are also manifested as charge nonconservation in topologically nontrivial gauge field backgrounds. Our main goal here is to provide a similar understanding in the deconstructed theory and find the deconstructed version of a 4d instanton background.
We study the deconstruction of 4d N = 2 (eight supercharges) supersymmetric theory in terms of a 3d N = 2 (four supercharges) quiver gauge theory-the 4d Seiberg-Witten theory on a one-dimensional (deconstructed) spatial lattice. We construct semiclassical field configurations of finite Euclidean action, which, in the continuum limit, lead to nonconservation of the U(1) R charge. Our discussion is inspired by the continuum results for compactified 4d theories of refs. [30] , [31] , [32] , [33] ; see also [34] . There, instantons of the 4d theory are constructed from instantons of the 3d theory, i.e., Euclidean 't Hooft-Polyakov monopoles. In these references, the constituents of the 4d instanton are called "Kaluza-Klein monopoles." The KK monopoles can be loosely thought of as excited (in the compact dimension) states of the purely-3d monopoles.
This paper is organized as follows. We begin, in section 2, by fixing our notation. We give the lagrangian and the bosonic equations of motion of the 3d N = 2 quiver theory.
In sections 3.1, 3.2, we describe the construction of KK monopoles as exact solutions of the finite-N deconstructed theory equations of motion. We should stress that the dynamical nature of the lattice (the fact that the lattice spacing is the expectation value of a field) is crucial to the ability to construct the KK monopoles as solutions of the finite-N quiver theory; the procedure used to construct the KK monopole tower is rather general and can be applied in other deconstructed theories as well, for example, ones with a different amount of supersymmetry. The KK monopoles break all of the explicit 3d N = 2 supersymmetry, but at large N are "approximately BPS" (i.e., they become BPS in the infinite N limit).
In section 3.3, we discuss the action, quantum numbers, and zero modes of the deconstructed KK monopoles.
In section 4, we show that a field configuration of a monopole and an appropriate KK monopole has, in the large-N limit, the action, quantum numbers, and zero modes of a 4d instanton. At infinite N, the configuration becomes supersymmetric and the continuum analysis of [31] applies, showing that an instanton configuration is exactly reproduced.
Finally, we note that while our main goal here is to study anomalous charge nonconservation in our example of 3d → 4d deconstruction, our results are clearly relevant for the study of higher-dimensional supersymmetric theories and to the understanding of their symmetries via deconstruction. For example, the particular quiver theory we study, when "uplifted" from 3d to 4d, is the 4d → 5d deconstruction [11] , [6] , of the simplest nonabelian supersymmetric 5d theory studied in [24] . The Euclidean monopole and KK monopole solutions uplift to static solutions of the 5d deconstructed theory. They represent magnetically charged strings wound and twisted around the extra dimension. Similar to the deconstruction of the 4d theory, in the classical continuum limit they can be interpreted as constituents of 5d static finite energy solitons (which, in their turn, are simply the uplift of 4d Euclidean instanton solutions).
The study of the nonperturbative states of the 5d theory is important, as these states couple to the 5d U(1) topological current-the symmetry that (e.g., in the flavorless SU(2) gauge theory) becomes enhanced at the fixed point [24] . The quantization of the zero modes of these gauge solitons is a somewhat complicated problem, which depends on the UV completion; its study within deconstruction is left for future work.
Lagrangian and bosonic equations of motion
In this section, we describe the theory we study. As mentioned in the introduction, this is the Seiberg-Witten theory [4d N = 2 super-Yang-Mills] on a one-dimensional spatial (deconstructed) lattice. In other words, we consider the 3d N = 2 SU(k) N quiver gauge theory, with matter content that we describe using standard 4d N = 1 superfield notation. The vector multiplets V i , i = 1, . . . , N, contain the 3d SU(k) i vector boson, gaugino, and real adjoint scalar (the dimensional reduction of the third component of the 4d vector field). The "link" superfields are chiral superfields, Q i , transforming as a bifundamental under the i-th and i + 1-th gauge groups. The tree-level Kaehler potential of the 3d N = 2 SU(k) N quiver theory is:
where
under gauge transformations with chiral gauge parameters Λ i . To close the moose, we identify N + j ∼ j. The F -term lagrangian is given by:
We keep all fields to have canonical dimensions appropriate to 4d, so g 2 3 has dimension of mass. We are using generators in the fundamental, so that tr
Further we will also need g abc =tr(
notational simplicity, in what follows, we will only consider SU(2), hence
We let m, n = 0, 1, 2 denote 3d spacetime vector indices.
For latter convenience, we decompose the link field fluctuations into v j and q a j :
in terms of which the covariant derivatives are:
The covariant derivatives of the bosons A m j and φ j in the adjoint vector supermultiplets are:
In terms of (2.4), (2.5), the bosonic lagrangian (for completeness, we note that the fermionic part of the lagrangian was given, using the same notation, in ref. [29] ) is:
The bosonic equations of motion are as follows. The 3d gauge field A m j at the j-th site obeys:
The equation of motion of the scalar φ a j in the 3d N = 2 vector multiplet is:
Finally, the link fields Q j , with T A defined in eqn. (2.3) (a sum over a = 1, 2, 3 is understood) obey:
One consequence of the above equations of motion follows from considering "diagonal," jindependent, field configurations, such that
For diagonal field configurations, the equations of motion (2.7-2.9) of the quiver theory reduce to the equations of motion of a 3d N = 4 SU(2) theory, with vector field A m and three real scalar adjoints (Req, Imq, φ) forming a triplet under the SU(2) global symmetry of the 3d N = 4 theory (here q is defined as in eqn. (2.3)), along with the decoupled free 3d Laplace equation for
Thus, any classical solution of the 3d N = 4 theory can be promoted to a solution of the deconstructed theory by diagonally embedding it in the SU(2) N N = 2 quiver theory. Finally, we note that the equations for the 4d → 5d deconstruction can be obtained from eqns. (2.7-2.9) without any work: one simply replaces m, n → µ, ν, allowing now µ, ν = 0, 1, 2, 3 and erases all terms involving the fields φ i . Much of what we say will hold for 4d → 5d deconstruction. The Euclidean finite action solutions we study in the 3d→ 4d deconstruction are replaced by time-independent solutions of finite energy in the 4d → 5d case, as mentioned in the introduction.
Instantons on the diagonal Coulomb branch
We will study physics along the Higgs branch of the SU (2) N theory, where the quiver theory has a regular lattice interpretation. The link fields have diagonal expectation values:
which break SU(2) N down to the diagonal SU(2) D . In the decomposition (2.3), the fields v i represent local fluctuations of the lattice spacing v. We assume that these are frozen due to, e.g., D-terms of the gauged U(1) factors (see section 3.1). Along the diagonal Higgs branch (3.10), the classical continuum limit is reached by taking N → ∞, v → ∞, with the size of the compact dimension πR = N/v kept fixed; the large volume limit can then also be taken. The quoted relation between the radius and the parameters of the deconstructed theory, as well as the quantum continuum limit are discussed (in our present notation) in detail in [29] . In the continuum limit, the equations of motion (2.7-2.9) reproduce the continuum equations of motion of the 4d N = 2 theory. Thus, a classical solution of the continuum theory should have a counterpart in the deconstructed theory: there should exist at least an approximate, at large-N, solution of the deconstructed theory equations of motion that becomes an exact solution in the continuum limit.
In a continuum 4d compactified theory the finite Euclidean action BPS solutions are the 4d (periodic) instanton, as well as monopoles on the 4d Coulomb branch, or on the Coulomb branch with a gauge field Wilson line turned on. It has been argued that the 4d instanton is composed of a monopole and a certain KK monopole [30] . We find a similar description in deconstruction.
We will construct the constituents of a 4d instanton as explicit solutions of the quiver theory equations of motion at finite N.
It is natural to begin building finite action Euclidean solutions of the continuum limit theory from finite action solutions of the deconstructed theory. In the following sections, we will explore the finite-N instanton solutions of the SU (2) N theory and discuss their continuum counterparts.
The diagonal monopole
We begin by studying site-independent (diagonal) solutions. As already mentioned, along the Higgs branch (3.10), the theory of the zero modes is a 3d N = 4 theory (considering a restriction to j-independent fluctuations is consistent on the Higgs branch, where there is a finite cost of energy to j-dependent fluctuations). For this enhanced supersymmetry of the zero mode sector to be exact, the gauge group has to be U(2) N rather than SU(2) N . We have avoided indicating this explicitly solely in order to not clutter notation. Vanishing of the D-terms of the U(1) N gauge groups then require that the vevs of neighboring Q j be equal, i.e. the lattice spacing be uniform. The diagonal U(1) N = 2 vector multiplet combines then with the diagonal j-independent vev (3.10) to form a 3d N = 4 vector multiplet. The Euclidean zero mode theory has an SU(2) E × SU(2) N × SU(2) R global symmetry, where SU(2) E is the Euclidean space-time symmetry. The bosons (φ a , Req a , Imq a ) form a triplet under SU(2) N . The zero-mode fermions of the vector and chiral multiplets form a doublet under SU(2) R . The eight supercharges form a (2, 2, 2) multiplet under the global symmetry. The zero mode theory is the R → 0 limit of a 4d N = 2 theory (whose compactification was studied in [35] ) with fixed coupling g follows, we will consider a point along the Coulomb branch where q a has an expectation value:
where, generally, η = η ′ + iη ′′ ; we can always choose real inverse lattice spacing v. In the zero mode sector, one can always use SU(2) N to rotate the vev of q into any desired direction, e.g. η ′ . (In the full theory, however, these directions are not equivalent: the η ′ expectation value corresponds to turning on a Wilson line for the 4d gauge field, while η ′′ is a vev on the 4d
Coulomb branch; this can be seen from the large-N identifications of the fields with those of a 4d N = 2 theory, see [29] .) For further use, it is instructive to write explicitly the instanton solution of the zero mode SU(2) D theory in terms of the fields of the full theory. The SU(2) D instanton is simply the Bogomol'nyi-Prasad-Sommerfield monopole solution with q a playing the role of the scalar triplet field:
12)
where r is the Euclidean radius vector and: is written in hedgehog gauge. The expectation value of |q| at infinity is 2|η| (and points in the third isospin direction, if rotated into the string gauge). The Euclidean action of the diagonal instanton (3.12) is easily seen to be (to compute the action, we are free to rotate the solution into the Imq direction):
16π|η| . (3.14)
In (3.14), we used the BPS condition, Gauss' law, the asymptotics of the fields at infinity, the "bare" coupling matching relation, g 2 4 = 2g 2 3 /v, and the already quoted Nv −1 = πR, see [29] .
The continuum theory interpretation of the diagonal solution with |Imq| ∞ | = 2|η| is as follows: it is the Euclidean BPS monopole, independent on the S 1 coordinate, of the 4d N = 2 theory on R 3 × S 1 on the Coulomb branch with nonvanishing Wilson line of the gauge field.
To define the magnetic charge of the solution with respect to the single unbroken U(1), we follow the continuum construction of [36] . We begin by defining a unitary "Wilson line" Ω j . Over almost all of field space we can use the polar decomposition of the bifundamental, Q j = P j U j , with P j -the positive matrix P j = Q j Q † j , to first define a unitary link field U j = P −1 j Q j . The Wilson line Ω j is then defined as:
The magnetic charge of the solution is:
where B m j = 1 2 ǫ mkl F kl j is the magnetic field at the j-th site and P Ω j;α is the projector on the α-th eigenvalue of Ω j :
with integrals taken over small contours C α encircling the corresponding eigenvalue. The eigenvalues of Ω j do not depend on j (the characteristic equation only contains traces of powers of the Wilson line, which do not depend on j). The magnetic charge (3.16) measures the winding of Ω j at infinity and is thus also j-independent [see appendix B of [36] ]. Note that the magnetic charge (3.16) is U(2) N invariant and that α P Ω j ,α = 1 together with tracelessness of B j implies α q α;j = 0. Thus, for an SU(k) gauge group we would have k − 1 independent charges, while for SU(2) we need to make a choice of eigenvalue.
At Euclidean infinity, the diagonal solution (3.12) has 
The KK monopole
In the continuum theory, there exists another class of solutions on the Coulomb branch with nonvanishing Wilson line: the twisted instanton solutions, which depend on the S 1 coordinate.
They are obtained from the S 1 -independent solution by applying appropriate large gauge transformations. We continue by describing this "KK monopole" solution in deconstruction. The diagonal instanton (3.12) is a solution of the quiver theory equations of motion (2.7-2.9), which are invariant under the U (2) N global counterparts of the U(2) N gauge transformations.
Thus, a global U(2) N transformation maps solutions into solutions. However, it also changes the boundary conditions on the Higgs/Coulomb branch. Thus, a U(2) N -transformed solution is, generally, a solution in a different vacuum, where the theory may not even have a regular lattice interpretation. The global U(2) N symmetry can nevertheless be used to generate new solutions in the same vacuum, as we now describe.
1. The first step is to identify the U(2) N global transformations that preserve the structure of the Coulomb branch vacuum (3.11):
Under a general U(2) N transformation, which acts on the link fields as Q j → U j Q j U † j+1 , the vevs (3.18) become:
We want to generate solutions of the deconstructed theory along the Higgs branch, where the theory has a regular lattice interpretation, with j-independent inverse lattice spacing. Thus, we demand that the product U j U † j+1 , hence the inverse lattice spacings (the first term on the r.h.s. of (3.19)) be j-independent. We also demand that the point on the diagonal Coulomb branch (the term ∼ ηT 3 in (3.19)) is mapped to a point on the Coulomb branch, but not necessarily with the same vev. In other words, the j-dependent U(2) matrices U j (i.e., the ones that generate the solutions of interest to us) should be such that the vacuum Q j of eqn. (3.18) gets mapped to a new site-independent vacuum with expectation values Q U j :
where v U and η U are j-independent. Periodicity of the moose theory also requires U j+N = U j . The j-dependent global U j transformations obeying (3.20) will be constructed below. j ; j = 1, . . . , N . This new solution is a j-dependent solution in the vacuum given by v and η (3.18) and is, as we will show later in this section, the deconstructed counterpart of the "KK monopole" solution of the compactified 4d gauge theory [30] - [33] .
As outlined 2 in step 1. above, we now begin the construction of the KK monopole solutions by finding the U j that obey (3.20) . We rewrite (3.20) as follows:
where A and B are defined as:
2 The reader interested only in the final form of the solutions should jump to the end of this section, eqns. (3.27-3.29), and to section 3.3 for a discussion of the KK monopole tower's quantum numbers.
If U 1 was arbitrary, periodicity U 1 = U N +1 would require that (B −1 ) N = e iα 1 and A N = e −iα 1.
Evidently, for an arbitrary U 1 , at an arbitrary point on the Coulomb branch, v, η, these conditions can not be satisfied. Then, it is easy to see that, in order for (3.21) with A and B of eqn. (3.22) and with U N +1 = U 1 to hold for an arbitrary Coulomb branch vev, U 1 has to take either of the two forms:
where α is an arbitrary phase; we also neglected an arbitrary undetermined overall U(1) phase in U 1 . Note that the two allowed forms (3.23) of U I,II 1 are related by a discrete SU(2) transformation:
2 . The effect of iσ 2 on the vacuum (3.18) is to flip the sign of η.
We note also that U I 1 = e iασ 3 is a site-independent global gauge transformation which does not affect the classical solutions: α is, in fact, one of the four bosonic zero modes of the KK monopole, along with its position in 3d Euclidean space. In what follows, we will only consider global transformations (3.21) with U 1 = 1. The modifications for U 1 = iσ 2 will be remembered when needed.
To construct the form of the j-dependent global transformations U j that preserve the regular lattice structure, we first note that U . Any such matrix can be written as Ξ (l) = e i m· T 2πl/N for some unit vector m; recall that T = τ /2. Thus, we find that:
Note that the SU(2) part of the transformation (3.24) is antiperiodic (in "theory space") for odd l. The second equation in (3.24) along with eqn. (3.22) implies that m must be along T 3 , i.e. m = (0, 0, 1). Now we can find the expressions for v U and η U , which we label by l and denote, from now on, by v l , η l :
We have also indicated the expressions for To summarize, the "theory space" dependent global transformation has the form:
Recall also that we are allowed to perform transformations with U 1 = iσ 2 . For such U 1 , as is easy to see tracing our previous derivation, the relation between v l , η l and v, η gets modified by η having the opposite sign on the r.h.s. of eqn. The vacua described by v, η and v l , η l related by (3.25) [or for U 1 = iσ 2 , by (3.25) with η → −η] are physically equivalent since they are related by discrete global symmetries. This is best visualized in the brane picture: the discrete global transformations-which are the deconstructed analogue of the large gauge transformations of the continuum limit theory-simply correspond to redrawing the wedges of the orbifold, or, equivalently, to different pairing of D-branes. We will not need this interpretation here and refer the reader for detailed explanation to section III.C of ref. [6] . Now that we have enumerated all global U(2) N transformations that preserve the regular lattice structure and the diagonal Coulomb branch, we are ready to construct the KK monopole solutions we are interested in. As described in the beginning of this section, in step 2., we start with the diagonal solution (3.12) Since the action is gauge invariant, it is still given by (4.35) (but with η replaced by η l ). The new solution in the v, η vacuum is, however, j-dependent, since the transformations U j do not commute with (3.12) . It is instructive to write down the KK monopole solution explicitly. The twisting in theory space is best performed in the string gauge, where the scalar vev points in the T 3 direction at infinity and our formulae for the U j of (3.26) are the appropriate ones. We begin by giving the explicit form of the diagonal solution in the (v l , η l ) vacuum in the string gauge. We define the polar coordinate components of the gauge field by A k dx k = A r dr + A θ dθ + A φ dφ, where A k are the Cartesian components. The string-gauge solution then reads:
To construct the KK monopoles, we now perform our j-dependent twists on the diagonal solution in the v l , η l vacuum, using (U l j ) −1 of eqn. (3.25) . The result for the link fields is:
while the gauge field of the l-th KK monopole is:
The above form explicitly shows the j-dependence of the KK monopole solution; in the string gauge, the link fields are still site-independent and the j-dependence enters solely through the theory space dependent shift of the azimuthal angle dependence of the gauge field of the monopole. We stress again that (3.28, 3.29) is an exact solution of the classical equations of motion of the deconstructed theory at finite N, in the (v, η) vacuum; this is manifestly true, as the KK monopole was constructed from the diagonal solution (3.27) using only the symmetries of the equations (2.7-2.9). It is easily seen, using (3.25) , that at large distances Q KK j;l asymptotes the v, η vacuum (3.18).
The form of the gauge potential (3.29) of the KK monopole shows that at large distances only the first term in the azimuthal component of the gauge field survives, i.e. the magnetic field is now B = 2 sin θ dθ dφ U
Recall that we have two possibilities for U 1 -either it equals the identity or iσ 2 . Also note that the long range asymptotics of the link field is not twisted by iσ 2 (the effect of iσ 2 is taken into account in the different sign of η in the relation between v l , η l and v, η in (3.25), as already mentioned). Thus, solutions twisted by iσ 2 have magnetic charge opposite to that of the diagonal monopole they were obtained from, while solutions obtained via the trivial twist have the same charge. We will study further properties of the deconstructed KK monopoles in the following sections.
Quantum numbers and zero modes
In the previous section, we obtained the KK monopole solutions, constructed using U l j of (3.26), and the corresponding v l , η l , eqns. (3.25) . Since the KK monopoles are obtained by (global) gauge transformations of the known diagonal solution, all gauge invariant quantities characterizing the KK monopoles are simply equal to those of the diagonal solution in the v l , η l vacuum.
The Euclidean action of these solutions is given by eqn. (3.14) with η replaced by η l (recall that 0 < l ≤ N for physically distinguishable solutions): To summarize the KK monopole spectrum: for every self-dual diagonal monopole of magnetic charge +1 there are N − 1 self-dual KK monopoles with magnetic charges +1 and N − 1 selfdual KK monopoles with magnetic charge −1 (the ones twisted by iσ 2 ). A similar tower of KK-anti-monopoles of charges ±1 will of course result starting from the anti-self-dual diagonal antimonopole of charge −1.
Solutions of the continuum 4d theory compactified on a circle are also characterized by the topological charge (not necessarily integer if a Wilson line is turned on; for a topological classification of finite action solutions on R 3 × S 1 , see [36] ). To define the topological charge we need an expression for the electric field. The field E j (x) at the j-th site should be a hermitean group algebra element, transforming homogeneously under gauge transformations at the j-th site. A natural definition is: 31) where U j are the unitary link fields, defined in section 3.1. Under gauge transformations
j , as required. Then, the gauge invariant and local, both in real and "theory" space, expression:
evidently has the correct continuum limit. As usual, it suffices to find the topological charge for the diagonal monopoles; the KK monopoles have the same charge expressed in terms of v l , η l . The shortest route to computing Q is to find the expressions for E and B for the diagonal solution. After a straightforward computation (for the sake of conciseness, we give the explicit formulae in the footnote 4 ) it is easy to deduce that: 33) which shows that the self-duality of the solution holds in the continuum limit. Then, it follows from (3.33) that, in the same limit, the topological charge (3.32) of the solution is given by (to evaluate the integral, compare with eqn. (3.14)):
The topological charge of the KK monopoles is given by the same expression, but with v, η replaced by v l , η l of (3.25) [in the continuum limit, where the r.h.s. of (3.34) is valid].
Turning to the zero modes, we note that they, too, can be obtained from the zero modes of the diagonal solution in the v l , η l vacuum after applying the appropriate U(2) N transformation. The diagonal solution has four bosonic zero modes, three associated with its position in the 3d Euclidean space and one with the orientation in the unbroken U(1) gauge group. The diagonal solution also has four fermionic zero modes, as is known, for example, from the studies [35] of Seiberg-Witten dynamics compactified to three dimensions (hence the monopoles do not contribute to the superpotential). 4 More precisely, in terms of f (rη) and χ(rη) defined after eqn. (3.12) , and F ≡ f /(rv), we find E
Since the F 2 term in the electric field scales like the square of the lattice spacing, it is evident, upon comparing with the explicit solution (3.13) , that self-duality (3.33) holds near the continuum limit.
Finally, we note that the KK monopoles do not preserve any of the explicit supersymmetry of the SU (2) N theory (this is easy to see by considering the explicit N = 2 3d supersymmetry variations of the fields). Despite completely breaking the finite-N supersymmetry, the KK monopoles are topologically stable solutions. At infinite N, the KK monopoles become BPS saturated and preserve half of the continuum limit 4d N = 2 supersymmetry.
Deconstructing the 4d instanton
We first recall the significance of the continuum KK monopole solution as a constituent of the 4d instanton. In the continuum theory [30] , [31] , [32] , [33] , it was argued that a solution obtained by superposing the diagonal monopole with an appropriate KK monopole solution is, in fact, the 4d instanton solution; in other words, the diagonal and KK monopole solutions can be viewed as "constituents" of the 4d instanton.
We can see how this works out in deconstruction by considering, for example, the formulae for the action of the diagonal and an appropriate KK monopole. Consider the KK monopole with l = −1 (a case of special interest, as we will see below) twisted by iσ 2 , i.e. with opposite sign of η in the relation between η, v and η l , v l (3.25). The action of this solution is then given, taking real η < 1/R, by (3.30) expanded for l ≪ N:
Recall also that the magnetic charge of this solution is −1. Now, consider also the diagonal solution (3.13) with action (3.14) and magnetic charge +1. If we superpose these two solutions, placing them sufficiently far apart, we obtain a field configuration, which we expect to be an approximate minimum of the action, even for finite N. The action of this field configuration will be approximately equal to the sum of the two actions, eqn. (3.14) and (4.35) above:
. (4.36)
The action thus approaches the action of the 4d instanton (in the last equality above, we recall the footnote from section 3.1: to achieve conventional normalization, we rescale g 4 = 2g 4 ).
It is important to note that the action (4.36), when expressed in terms of g 4 is independent of the radius of compactification. Moreover, its independence also on η suggests that the monopole-KK monopole configuration will persist as (approximate) solution also at the origin of the Coulomb branch. The simultaneous η and R independence of the action (4.36) is only possible on the branch where the imaginary part of η vanishes. It is easy to see, using our formulae for the actions, that if any vev on the 4d Coulomb branch was turned on (e.g. η is not real), the combined action would diverge at infinite R, for nonvanishing vev, as the action would then be 32π 2 g −2
4
( 1 + R 2 |η| 2 + R|η|); the same comment applies to the topological charge below. Similarly, we can also argue that (in the string gauge) the topological charge of the diagonal monopole and KK monopole configuration is approximately equal to the sum of the topological charges. Using eqn. (3.34) for the diagonal monopole and the same expression, but with η → 1/R − η, for KK monopole, we find that at large N:
In the large-N limit, both solutions become BPS saturated, preserving half of the continuum limit enhanced 4d N = 2 supersymmetry. Thus, in the large-N limit, we can superimpose the solutions for arbitrary separations and can appeal to the continuum analysis of ref. [31] , where it was explicitly shown that the field of the 4d instanton is reproduced in the appropriate limit. We should also note that the number of bosonic and fermionic zero modes-four per solution-also matches the eight bosonic and fermionic zero modes of the instanton in the 4d N = 2 theory. The eight (approximate at finite N) fermionic zero modes of the superimposed monopole-KK monopole configuration become exact zero modes in the continuum limit, giving rise to the 4d U(1) R -violating 't Hooft vertex (we do not give a detailed analysis, which is bound to be rather complicated, but appeal, as before, to the continuum study). The fact that the diagonal and KK monopole solutions are only "approximately BPS" (at large-N) complicates the explicit study of the superimposed solutions at finite N; for example, we expect that there is a ∼ 1/N force between them.
If we dimensionally uplift the theory to deconstruct N = 1 5d super Yang-Mills theory, the KK monopole solutions we study become magnetically charged static stringlike configurations. In the classical continuum limit one can similarly argue that the monopole and KK monopole strings make up a 5d gauge soliton with unit topological charge (3.32), which is now the zeroth component of the 5d topological current. The energy of the configuration of the two superimposed strings is then given by the 5d analogue of (4.36) and remains finite even in the decompactification limit. An analysis of the quantization of the noncompact size modulus of the gauge soliton (classically, solitons of arbitrary size are allowed) and of its possible stabilization, which clearly depends on the UV completion, i.e. finite N, will not be attempted here.
Conclusions and outlook
In this paper, we studied nonperturbative effects in the deconstruction of 4d and 5d supersymmetric theories with 8 supercharges. In the 3d → 4d case, we completed the study (which began by an investigation of deconstructed theory anomalies in perturbation theory in [29] ) of deconstructed theory anomalies by explicitly finding the nonperturbative objects on the lattice that lead to anomalous charge violation in the continuum.
While it is comforting, at least to the author, to know precisely how deconstructing a 4d N = 2 theory reproduces the known nonperturbative properties of the continuum theory, this does not seem to add anything substantially new to our understanding of Seiberg-Witten theory. Thus our results should be viewed as contributing to a better understanding of how deconstruction works, at least in cases where the continuum theory dynamics is known.
The potentially more interesting applications of deconstruction are in the study of higherdimensional theories, with or without supersymmetry. Continuum 5d theory gauge solitons (uplifted 4d instantons) have been conjectured to play an important role in the nonperturbative dynamics of the theory. Studying their dynamics in the continuum theory is complicated, however, since the soliton properties are sensitive to the UV completion of the theory (e.g., to various higher-dimensional operators). In particular, the interpretation of the soliton states in the continuum quantum theory is unclear, since it is difficult to quantize their noncompact zero modes in the absence of a UV completion (string theory can provide one possible completion). We have given a construction of nonperturbative objects in the 5d theory-the constituents of 5d gauge solitons-in the framework of deconstruction, a gauge invariant UV completion of the theory. It would be interesting to learn more about the properties of these states in deconstruction.
One would also like to study the appearance of S-duality and other symmetries of the continuum limit theory at finite N (one observation in this regard is that the finite N spectrum of the magnetically charged strings in the N = 1 quiver theory, the Minkowski analog of eqn. (3.30) , is identical, up to g 2 → 1 g 2 , to the spectrum of W ± bosons, given in ref. [6] ).
Another possible direction where the investigation of nonperturbative objects (black holes) via deconstruction might be of interest is in deconstructed theories of gravity [38] , [39] , [40] , [41] . Whether the methods for constructing nonperturbative solutions described here will turn out to be useful remains to be seen; studying this might be easier in deconstructed versions of supergravity.
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